Kirchhoff's theory of diffraction, as usually formulated, leads to an internal mathematical inconsistency because the solution does not reduce to the assumed boundary conditions as the observation point approaches the plane of the diffracting aperture. However, it is in excellent agreement with experiment. We show that two different, consistent formulations of Kirchhoff's theory [F. Kottler, Ann. Phys. 70,405 (1923); E. W. Marchand and E. Wolf, J. Opt. Soc. Am. 56, 1712 (1966 ] are equivalent.
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Rpceived October 28, 1987; accepted April 12, 1988 Kirchhoff's theory of diffraction, as usually formulated, leads to an internal mathematical inconsistency because the solution does not reduce to the assumed boundary conditions as the observation point approaches the plane of the diffracting aperture. However, it is in excellent agreement with experiment. We show that two different, Kirchhoff's integral formula' expresses the solution U(P) of the homogeneous wave equation at a point P in terms of the solution U(Q) and its first normal derivative at the points Q of an arbitrary closed surface S surrounding that point, in the form
Here n is the outward normal at the points Q of the surface S, exp(ikr)/r is free-space Green's function, and r is the distance PQ. Considering the problem of diffraction through an aperture A in an infinite opaque screen as shown in Fig. 1 , and adopting Kirchhoff's boundary conditions at the points Q(x, y) outside A, it is well known' that Kirchhoff's integral formula does not recover the assumed boundary values as the point P approaches the plane of the aperture. There are four ways of formulating a diffraction theory without mathematical inconsistencies. in an opaque screen, if the wave field at the aperture has an appropriate discontinuity in crossing the screen, namely,
where UG is the wave incident upon the plane of the aperture and U(Q)+, U(Q)-, aU(Q)+/an, aU(Q)-Jan, which are unknown, are the actual values of the wave field and its normal derivative on the two sides of the plane (Fig. 1) . Nevertheless, this field discontinuity appears to be an ad hoc hypothesis. As was pointed out in connection with method (d), Marchand and Wolf6 showed that Kirchhoff's formulation is a rigorous solution of a special boundary-value problem. This new formulation of Kirchhoff's theory is a direct consequence of the Rubinowicz theory of the boundary diffraction wave.
If the wave-field discontinuity imposed in Kottler's theory is, on the contrary, independently contained in Kirchhoff's integral formula, then, from this circumstance, will follow the equivalence between Kottler's theory and the Marchand-Wolf interpretation. Figure 2 shows the diffraction geometry of the Maggi-Rubinowicz transformation of the Kirchhoff integral extended to surface A, in a line integral over the rim r of A. The truncated-cone surface in Fig. 2 
X a [exp(iks) IS = U(P) = UG(P) + UB(p),

UG(P) = Jexp(ikR)/R,
is the spherical wave that propagates according to the geometrical-optics laws and
where exp(ikp)/p is the light disturbance at a point Q of the boundary line r, s is the distance QP, and h is a unit vector orthogonal both to p and the line element dl. Equation (3) represents a boundary wave that originates from all the points of the simple closed-line boundary r of the surface A.
These considerations can be applied to the case of a unitamplitude plane monochromatic wave, and the boundary wave is found to be
where z is the direction of the incident wave and h is a unit vector orthogonal to the line element dl. With reference to Fig. 3 , let A be an aperture in an opaque screen and let L be a point source of a spherical wave exp(ikr)/r. With reference to the notation in Fig. 3 , the diffracted wave field at two points P+ and P_ in symmetrical positions with respect to the plane containing A is (5) and (6) become equal, and therefore
UB(Q)+ = lim U(P+) = lim U(P_) = UB(Q).. P+-Q
P_ BQ
In the limiting process, the wave field at the plane of the aperture shows the field discontinuity of Kottler's theory:
Kottler's theory and the new interpretation of Marchand and Wolf refer to the special case of an aperture in a perfectly black screen. More recently, the Maggi-Rubinowicz transformation was extended to phase apertures, 1 5 namely, two surfaces A and B with a constant phase jump kA. In this case the expression for the boundary wave simply is preceded by the factor [1 -exp(ikA)], and therefore the obliquity factors become equal again in the limiting situation shown in Fig. 3 . Also in this case the Maggi-Rubinowicz transformation reproduces Kottler's discontinuity, as one can readily verify.
